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Abstract

Recurrent Neural Networks (RNNs) exhibit a
paradoxical inability to learn exact arithmetic op-
erations despite their theoretical Turing complete-
ness. This work bridges the gap between discrete
computation and continuous optimization by in-
troducing a systematic method for translating p-
stack machines—Turing-complete automata with
parallel stacks—into trainable RNN architectures.
Our approach leverages stack splitting to decom-
pose deep stacks into shallow substacks, trans-
forming exponential state complexity into linear
scaling while preserving computational equiva-
lence. We construct a 5-layer Clipped Rectified
Linear Unit (CReLU) neural network that exactly
emulates p-stack machine semantics, enabling
precise arithmetic reasoning. Through analysis of
the optimization landscape, we identify geometric
barriers preventing convergence to exact solutions
under standard training and propose remedies, in-
cluding proximity-aware initialization and layer-
wise training. Experiments across 13 arithmetic
and bitwise operations demonstrate that our ar-
chitecture achieves exact computation, with hy-
brid initialization strategies improving accuracy
by ~20% over naive methods. This framework
not only enables RNNs to learn mathematical op-
erations reliably but also illuminates fundamental
challenges in neural algorithmic reasoning.'
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1. Introduction

Despite their remarkable success in pattern recognition and
decision-making tasks, recurrent neural network (RNN) ex-
hibit a persistent disability in learning simple arithmetic
operations such as addition or multiplication, often resorting
to statistical approximations that do not generalize beyond
training distributions. This limitation is paradoxical given
that RNN are theoretically Turing complete, capable of sim-
ulating any computational process (Siegelmann & Sontag,
1995), yet the optimal solution remains inaccessible through
conventional gradient-based training methods.

We address this gap by introducing a systematic method
for translating p-stack machines into learnable RNN archi-
tectures. This framework enables us to investigate why
gradient-based training does not converge to exact solu-
tions through the examination of minimal relaxations from
computational optimality. By analyzing the optimization
landscape near ideal solutions, we identify the architectural
constraints and algorithmic conditions necessary to achieve
precise arithmetic reasoning in RNN.

2. Related Work

2.1. Theoretical Computational Power of Neural
Networks

Siegelmann & Sontag (1995) established the theoretical
foundation for neural computation by demonstrating that
RNN with rational weights and saturated-linear activation
functions are Turing complete. Their construction encoded
Turing machines as two-stack automata, implementing stack
operations through affine transformations and thresholding
using a piecewise-linear activation function. This founda-
tional work serves as the basis for this paper’s methodology
of constructing RNNs from p-stack machine.

2.2. Neural Approaches to Mathematical Problem
Solving

Wang et al. (2017) proposed a neural approach to math word
problems using sequence-to-sequence models with Gated
Recurrent Units netowrk (GRU) encoders and Long Short-
Term Memory network (LSTM) decoders. Their system
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translated problem text directly into mathematical equa-
tions, achieving 64.7% accuracy on their Math23K dataset
of 23,161 problems through a hybrid approach combining
neural methods with retrieval-based techniques.

However, their approach remained fundamentally limited
to statistical pattern matching rather than genuine mathe-
matical understanding. The model was restricted to single-
variable linear equations and relied entirely on learning
correlations between problem descriptions and equation
templates, lacking any principled connection to the under-
lying mathematical operations being performed. Despite
these limitations, this work provides a learnable RNN archi-
tecture whose abstracted form serves as the foundation for
the model we used.

3. Methodology

Our approach proceeds through several key stages: first
modeling the problem as a p-stack machine, then decom-
posing stacks via parallel splitting before encoding discrete
operations in continuous space. We subsequently construct
equivalent clipped rectified linear unit (CReLU) neural net-
works, finally transforming them into learnable architec-
tures by mapping embeddings to output probabilities. This
methodology guarantees that the resulting neural network
preserves the exact computational semantics of the original
mathematical problem while remaining fully compatible
with gradient-based optimization.

3.1. p-Stack Machines

As a foundational step, we require a computational model
capable of representing our mathematical problem as an
automaton. A p-stack machine is a computational model
extending classical pushdown automaton (PDA) through
parallel operation on p distinct stacks, as illustrated in Fig-
ure 1(a).

Definition 3.1 (p-Stack Machine). A p-stack machine is a
quintuple

P = (Q7p7 27 57 q(])a

where:

¢ (: Finite set of control states
* p > 2 € N: Number of stacks
* ¥ = {0, 1}: Binary stack alphabet

§:Q x (EuU{z})? = Q x {pushg, push,, pop,id}?
where:

— push,: Push symbol a € {0, 1} onto stack
— pop: Remove top symbol (requires S # &)
— id: Identity operation

* go € @: Initial state

Theorem 3.2 (Turing Completeness). No: For p > 2, the
set of all p-stack machines is Turing complete. Any p-stack
machine with p > 2 is Turing complete.

Proof. (Sketch) We simulate an arbitrary Turing machine
M using two stacks S* and S%:

1. Tape representation:

« ST Symbols to the left of the tape head (reversed
order)

+ ST: Symbols at and to the right of the tape head

2. Head movements:

* Right movement: pop(S%), push(ST)
* Left movement: pop(S¥), push(S%)
e Stationary: Apply id to both stacks

Additional stacks beyond the first two use id operations.
This construction preserves the unbounded storage capacity
and bidirectional traversal capabilities of the original Turing
machine. O

The translation of mathematical problems into p-stack ma-
chines can be achieved through direct compilation from
algorithmic descriptions. As demonstrated in Appendix C,
we implement this by compiling Python functions imple-
menting basic arithmetic and bitwise logical operations into
equivalent p-stack machine instructions.

3.1.1. STACK SPLITTING MECHANISM

When transitioning from theoretical to practical implemen-
tation, stack lengths must be reduced due to precision con-
straints in neural networks. Since stacks are encoded as ra-
tional numbers in the neural network (Definition 3.13), their
capacity is limited by available precision bits—typically 24
bits in float32 arithmetic, preventing exact computation of
extremely large numbers (up to 2'°?4 or beyond). Stack
splitting addresses this fundamental limitation by transform-
ing individual stacks into multiple coordinated substacks,
reducing individual stack depths while maintaining compu-
tational power through increased parallelization.

This capability becomes crucial when predicting probabil-
ities over all possible stack combinations, which would
otherwise scale exponentially with respect to the number of
bits used in each stack. Through splitting, this exponential
complexity is transformed into linear scaling, making the ap-
proach computationally tractable for practical applications.

Let P = (Q,p, %, d, qo) be a p-stack machine. We define a
split operation with factor s € Z* that generates a derived
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(a) Original p-stack machine with p = 3. The finite state controller
(currently in state qo) simultaneously reads the top elements of all
stacks. White cells contain binary values, gray cells marked @ indi-
cate empty positions. Stack operations are applied synchronously
across all stacks according to the transition function 6.
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(b) Transformed machine after splitting with factor s = 2. Each
original stack is decomposed into two substacks with cyclic element
distribution. The augmented state space tracks both the main control
state and active substack indices for coordinated operations.

Figure 1. Transformation from standard p-stack machine to split configuration, demonstrating the decomposition of computational

resources while preserving functional equivalence.

(s - p)-stack machine P’ = (@', sp, X, 0, q})). This trans-
formation systematically distributes the elements of each
original stack across multiple substacks.

Definition 3.3 (Cyclic Stack Splitting). For stack S™ =
ST -+ S (1 < n < p), create s substacks:

{grstmis | where

Srstm .= ISP | k=m (mods), 1<k<I,}

with cyclic mapping:

o SZ — Sn‘sﬂ—(k—l mod s)

[+]

The cyclic splitting operation induces a modular distribu-
tion of stack elements across the derived substacks. This
distribution follows a deterministic pattern wherein the k-th
element of the original stack is assigned to the substack
indexed by the congruence class of £ modulo s.

Remark 3.4. The splitting operation preserves content
through isomorphism:

Sng |i| Sn-s—i—m

m=1

where LI denotes ordered concatenation. Substack sizes
differ by at most 1 element.

Definition 3.5 (Augmented State Space). The new state
space is defined as:

Q" = (Q\ {gn}) x [s]" U{qn},

States (¢,7) € Q' contain:

[s] = {1,...

* g € Q\ {qu}: Original control state

o I'=(t1,...,tp) € [s]P: Substack index pointers

The implementation of stack splitting necessitates an aug-
mentation of the state space to facilitate the coordination of
operations across the derived substacks. Each non-halting
state in the original machine expands to incorporate a vector
of indices that identify the currently active substack for each
original stack. This augmentation enables precise track-
ing of the computational state across the distributed stack
structure.

Example 3.6. For p = 3, s = 5, state q, # qg generates:

{(da,i,5,k) [ 4,5,k € {1,...,5}}

yielding (|Q] — 1) - 5% + 1 states. The halting state gz
remains atomic.

Definition 3.7 (Transformed Transitions).

8 Q' x (XU{o})® — Q" x {push, push,, pop,id}**
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For original transition  &(q,St,...,S7) =

(¢'s0pqs---,0pp):
¢ For stack 7 with index ¢;:

opzi_l)s_% = push,, ifop; = push,

Opzi—l)s-m = pop, IfOpz = pop

OP(;_1)s4,; = id, otherwise

 Index update:

(¢ +1) mod s if op; = push
t; =2 (1;— 1) mod s if op; = pop
Li if op; = id

The transformed transition function maps operations on the
original stacks to corresponding operations on the appro-
priate substacks. Each operation is directed to a specific
substack as determined by the current index vector. Push
operations target the next substack in the rotation, while
pop operations extract elements from the current substack.
The index vectors are updated in accordance with the exe-
cuted operations, maintaining the cyclic access pattern that
ensures the proper distribution of elements across substacks.

Proposition 3.8 (Operational Equivalence). There exists a
bijection ¢ that preserves transitions:

(¢,{8"}) < ((¢,0), {S™**"™})
satisfying:
8(q,S1,---,57) = (¢',0p) =
§'(¢(q), #(S1,..-, 7)) = (¢(q"), ¢(op))

3.1.2. MULTISTATE STACK SPLITTING

The exponential growth in state complexity associated with
naive stack splitting necessitates the development of more
efficient state representation techniques. Multistate splitting
addresses this limitation by introducing a factored state
representation that scales linearly with the number of stacks
and the splitting factor, as demonstrated in Figure 1(b).

Definition 3.9 (s-split p-stack machine). An s-split p-stack
machine is a tuple M = (Q, p, 5, %, 6, qo, Lo) Where:

¢ (@ is a finite set of control states

e p € Nis the number of logical stacks

* s € Nis the split factor per stack

¢ ¥ is the stack alphabet

e b Q x[s)f x BU{ghHr — Q x [s]F x
{pushg, push,, pop, id}?* is the transition function

* go € @ is the initial control state

* 10 =(0,0,...,0) € [s]? is the initial index vector

In this model, the machine’s configuration is represented by

-

(¢, 7, S) where:

e ¢ € (@ is the current control state

* U'=(t1,...,tp) € [s]? tracks the active substack index
for each logical stack

¢ §=(5,5,,..., Sps) represents the ps physical sub-
stacks, where each S; is a string over X

Definition 3.10 (Transition Semantics). For a transition
§(q,5,0) = (¢/,7,0p) where & = (01,...,0ps) contains
the top symbols of all substacks (or & if empty):

1. The control state updates: ¢ — ¢’

2. For each logical stack ¢ € [p], the active substack
index updates according to the operation on substack

(1 —1)s+1;:
(ti +1) mod s if op(;—1)s4+., = push,
;=19 (t; —1)mod s if op(i_1)st., = POp
23 if OP(i—1)s+v; — id

3. Operations 6p = (op1,...,0pps) are applied to the
corresponding physical substacks.

Definition 3.11 (Construction from p-stack Machine).
Given a p-stack machine P = (Q,p,%,dp,q0), we
construct the equivalent s-split p-stack machine M =

(Q,p,s,%,u, qo, Lo) Where:
For each transition dp(q,01,...,0p) = (¢, 0p1,...,0pp)

in the original machine, we define the corresponding transi-
tion in the split machine as:

6]VI(Q7[:E) = (q7 , OD

where:

* o, is the top symbol of the active substack for logical
stack i (i.e., 0(;—1)s44;)

¢ 7 is computed according to the transition semantics
above

* ¢p’ is defined as:

op; ifj=(i—1)s+ ¢} and op; = push,
op = op; ifj=(i—1)s+ ¢; and op; = pop
77 Yopi ifj=(i—1)s -+ and op; = id

id otherwise

where ¢ € [p] is the logical stack index such that j
corresponds to a substack of logical stack <.
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The factored transition function operates analogously to
naive splitting but leverages the compact state representa-
tion. Operations are directed to the appropriate substacks
based on the current indices, and the indices are updated
cyclically to distribute operations across substacks. This
representation supports the same operational semantics as
naive splitting while achieving significant space complexity
reduction.

Proposition 3.12 (State Complexity Reduction). The s-split
p-stack machine achieves a state representation complexity

of:
O(|Q| + ps) bits vs O(|Q|s?) explicit states

while preserving the computational capabilities of naive
splitting.

3.2. Encoded p-Stack Machines

We present an encoded reformulation of p-stack machines,
as proposed by (Siegelmann & Sontag, 1995; Neeser, 2023),
that enables numerical manipulation of stack operations
through continuous embeddings, while preserving computa-
tional equivalence.

The fundamental innovation in this approach lies in repre-
senting inherently discrete stack structures as points in a
continuous space, thereby enabling the application of analyt-
ical techniques from real analysis and numerical computa-
tion. This transformation is essential for constructing neural
network implementations that can leverage gradient-based
optimization methods.

Definition 3.13 (Stack Encoding). For any stack S™ =
S7Sy---Sp € {0,1}* with S?* denoting the i-th symbol
(top-first), define:

k
25" +1
enc(S") := Z &4% €1[0,1)
i=1

with enc(@) = 0 for the empty stack. This creates a bijec-
tion:
enc: {0,1}* — C C[0,1)

where C' is the Cantor set of valid encodings.

This bijective mapping ensures that no information is lost in
the encoding process, allowing for perfect reconstruction of
the original stack from its numerical representation.

3.2.1. ENCODED STACK OPERATIONS

The encoding admits algebraic implementations of stack
operations, transforming discrete manipulations of stack
elements into continuous functions on real numbers.

Definition 3.14 (Encoded Operations). Given an encoded
stack S™ = enc(S™) and binary value a € {0,1}, the

fundamental operations are defined as follows:

~ 1~ 2a+1
push,(S™) := ZSH + 1

pop(5") i= 45" — (20(5") + 1),
¢(S8™) := 0(45™ —2) (top element operator),
7(S™) := 0(4S™) (nonempty operator),

where 0 : R — [0, 1] represents the CReLU, defined
through piecewise linear saturation:

0, <0
o) =<z, 0<x<]l.
1, =z>1

)

As demonstrated in (Siegelmann & Sontag, 1994), this piece-
wise linear activation function maintains universal computa-
tional properties - in fact, a broad class of smooth sigmoidal
activations offers no additional computational power beyond
this simple saturated form.

The algebraic nature of these operations allows for their
direct implementation within neural network architectures
through carefully designed linear transformations and acti-
vation functions.

3.3. CReLU Neural Network from p-Stack Machine

This section presents an aproach for converting a multistate
p-stack machine into an equivalent CReLU neural network.
The resulting network achieves exact computational equiva-
lence with the original automaton.

Definition 3.15 (CReLU Neural Network). A CReLU neu-
ral network is a composition of affine transformations and
CReLU activation functions. Formally, a CReLU neural
network ® : RY — R? is given by

d=coFlogoFl1lo...0o00F!,

where each F! : RNVi-1 — RN is an affine transformation
FY(z) = W'z + b with weight matrix W' and bias vector
bl. The CReLU activation function o is applied component-
wise.

For a multistate p-stack machine P = (Q, p, %, 6, qo) with
split factor s, we construct a 5-layer CReLL.U neural network
Np where each layer applies the transformation:

X(H_l) = O‘(Wix(i) + bl)

3.3.1. NETWORK STATE REPRESENTATION

The network’s input vector x(*) encapsulates the complete
computational state of the p-stack machine through three
essential components:
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GLq
~—~

Main state
x(D — Cuir-wr Gy c RIQI+2sp
substack indices

enc(Sh),... enc(S%P)

Encoded stacks

where:

* Main state vector ¢, < {0, 1}/9l: One-hot encoding
of the current main control state, with (e, ); = d,, ;
for j = 1,...,|Q|. Only one element equals 1 (the
current state), while all others are 0.

* substack index vectors e¢,, € {0,1}® for ¢ €
{1,...,p}: One-hot encodings of the current active
substack index for each original stack. These indi-
cate which of the s substacks is currently accessed for
operations on each of the p original stacks.

« Stack encodings enc(S7) € [0,1) forj € {1,...,s-
p}: Real-valued encodings of all substacks as defined
in Definition 3.13. Each encoding represents the entire
contents of one substack as a single real number.

3.3.2. LAYER 1: CONDITIONAL TOP AND EMPTY BIT
EXTRACTION

The first layer extracts essential information from the en-
coded stacks, but only for the currently active substacks as
determined by the substack index vectors.

I\Q\+2s-p
———

Identity mapping
Ospxiq 2Lsp 4L,
Oupxiol 2Lep 4L,

Top and nonempty extraction

01Q+2s-p
——
Pass-through bias

—4-1,,

——
Top bit threshold
—2-1,,

by = c RIQI+H4sp

———
L Non-empty threshold |

After this transformation, the output vector x2) has the
structure:

c RUQI+4s-p)x(IQ|+25-p)

€.,
~—

Main state (preserved)
€ryseney eLp
substack indices (preserved)

enc(Sh),... enc(S%P)
Encoded stacks (preserved)
¢'(S1),...,¢'(5°7)
Conditional top bit extraction

(81, ..., 7 (S%P)

| Conditional non-empty indicators |

c R|Q|+45'p

where:

+ Conditional top bit extraction ¢’(S7): For an active
substack (i.e., the current index points to this substack),
this extracts the topmost element. If the substack is not
active or is empty, the output is 0.

+ Conditional non-empty indicator 7/(57): For an ac-
tive substack, this indicates whether the stack contains
elements (1) or is empty (0). If the substack is not
active, the output is 0.

The key insight is that the high negative bias values (-4
and -2) ensure that only active substacks with sufficient
contents produce non-zero outputs after CReLU activation.
The operations are implicitly conditioned on the substack
indices through the structure of the full vector.

Element-wise, for each stack encoding ¢ € {1, ...

{1,...,s}h

P} J €

t-54+7
o(2e,, - ey +4-enc(S*) — 4)
o(2e,, - ey +4-enc(S*) —2)

k
¢'(8%)
T/(Sk)

These operations effectively implement the ¢ and 7 func-
tions from Section 3.2, but only for active substacks.

3.3.3. LAYER 2: SUBSTACK AGGREGATION

The second layer aggregates information across substacks
for each original stack, combining the conditional top bit
extractions and non-empty indicators from Layer 1.

Lig+2sp 0(|Q[+25-p)x25p
N—— —————
Identity for states and stacks Zero padding
W2 s arioan) Weombi
X +2sp combine
—_——— N——

Zero padding Aggregation matrix

e RURQI+2s-p+2p) x(|Q[+4s-p)

b2 = 01+ 25.p42p € RIUITZPH2
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The key component Weombine € R2P*(25°P) contains hori-
zontal stripes of ones connecting each output position to its
corresponding substacks:

1 ifjelfis, (i+1)s—1]
0 otherwise

(Wcombine ) i, — {

for0 <i<2p, 0<j<2sp

After this transformation, the output vector x3) has the
structure:

€.,
Main state

€Lys-- €,

substack indices

enc(S'),...,enc(S*P)

x(3) — c RIQI+2s-p+2p

Elncoded stacks
¢(S7), ..., ¢(SP)
Aggregated top bits

7(SY,...,7(SP)
~—_— ———

L Aggregated non-empty indicators _|

where:

* Aggregated top bits ((S?) € {0,1}: Combined top
bit information for each original logical stack, equal to
1 if the active substack of that logical stack has top bit
1.

 Aggregated non-empty indicators 7(S%) € {0,1}:
Combined emptiness information, equal to 1 if the
active substack of that logical stack is non-empty.

3.3.4. LAYER 3: PATTERN MATCHING

The third layer implements precise state-stack configura-
tion matching through parallel transition rule verification.
Let P = (Q,p,X,d,qo) be the original p-stack machine
with split factor s, and let ns denote the number of distinct
transition rules. The layer architecture is:

Wpattern

Transition rule
conditions
_[I\Q\+2ps+p 0(|Q|+2ps+p)xp]
e R(s+|QI+2ps+p)x(|Q|+4ps+2p)

Wy =

bpattern
——

Match
thresholds

01Q|+2ps+p
——

by = e R +IQI+2ps+p

LPassthrough bias.

Pattern Matrix Construction The pattern matrix
Weoattern € R™ *(IQ1+2pP) encodes ns transition rules,
where each row ¢ corresponds to a specific transition rule
8i(q, St,...,87) = (¢',0py,---,0p,). The construction
follows a systematic three-component encoding:

1. State Matching Component (Columns 1 to |Q|):
Each transition rule targets a specific current state
g € Q. The encoding uses one-hot with conflict pre-
vention:

1 if k = index(g;) (target state)

W, m)i,k = . :
(Weater )i, {—1 if k # index(g;) (other states)

This ensures that only the correct current state activates
the pattern, while incorrect states suppress activation.

2. Stack Top Conditions (Columns |Q| + 1 to |Q| +
p): For each stack n € {1,...,p}, the top symbol
requirement is encoded via:

(Wpattem)i,\Q\Jrn = ¢t0p<sﬁi)

where ¢p : XU {@, X} — {—1,0,1} is defined as:

1 if S =1 (top bit=1)
bop(ST) = —1 if S} € {0, 2} (top bit = 0)
0 if ST = X (wildcard, no constraint)

3. Stack Nonempty Conditions (Columns |Q| + p +
1 to |Q| + 2p): The stack emptiness/non-emptiness
requirements are encoded via:

(Wpattern)i,\Q [+p+n — ¢pres (Sinl)

where ¢pres 1 X U {@, X} — {—1, 1,0} is defined as:

1 if ST € {0,1} (non-empty stack)
Gpres(ST) = ¢ —1 if ST = & (empty stack)
0 if ST = X (wildcard, no constraint)

Threshold Calibration for AND Logic The bias vector
bpattern implements strict AND logic through carefully cal-
ibrated thresholds. For each pattern ¢, the threshold is set
to:
|Q|+2p

Z H(Wpa![em)i,j::L + 1

J=1

(bpattern)i = -

where T(w,,...); ;=1 counts the number of positive condi-
tions (value 1) in pattern ¢. This creates an activation thresh-
old that requires all specified positive conditions to be si-
multaneously satisfied.
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After this layer, the output vector x(*) has the structure:

771,...,7Tn5

Pattern activations

€.,

Main state (passthrough)

€rpy-r €y

x® — P c R HIQI+2s ptp

substack indices (passthrough)

enc(Sh),...,enc(S*P)

Encoded stacks (passthrough)
(8%, ..., ¢(SP)
—_——

| Aggregated top bits (passthrough) |

where:

 Pattern activations m; € {0,1} for ¢ =
1,...,ns: Binary indicators where w; = 1
if and only if the current machine configu-
ration (e,,,¢(S"),...,¢(SP),7(S1),...,7(S?)) ex-
actly matches the i-th transition rule pattern. At most
one 7; should be active for deterministic machines.

¢ Passthrough components: All state and stack informa-
tion from the input is preserved unchanged through the
identity block in the lower portion of W3, except that
the aggregated non-empty indicators 7(S1), ..., 7(SP)
are not passed through as they were only needed for
pattern matching.

3.3.5. LAYER 4: OPERATION SELECTION AND
EXECUTION

The fourth layer implements the core computational logic by
mapping recognized patterns to state transitions and stack
operations through a precisely structured weight matrix.
This layer transforms pattern activations from Layer 3 into
concrete state machine operations, effectively implementing
the transition function § of the p-stack machine.

Let ns denote the number of distinct pattern vectors recog-
nized in .Layer 3, ?u.ld let £ = {(¢’,0py,..-,0p,)} be the
set of unique transition labels, where each label defines the
next main state ¢’ and p stack operations.

The layer’s architecture is defined by the weight matrix Wy
and bias vector by:

([ Wians 01Q)x (@I +25p4p)]

W4 = VVindex
L Wslack
e RURIH9s-p)x(ns+|Q|+2s-p+p)
01
by = |bingex | € RIOIH?
bstack

State Transition Matrix Construction The state transi-
tion component Wiy, € RIQIx7s maps pattern activations
directly to next states. For each unique transition label
t; = (q},0p1,---,0p, ;) € L with associated pattern
group P; containing |P;| patterns, the matrix entries are
defined as:

(I/Vlrans)q} k=

1 if pattern k belongs to label group j
0 otherwise

where patterns are indexed sequentially across all label
groups. This construction ensures that when a pattern 7y, is
activated in Layer 3, the corresponding next state q3 receives
unit activation, implementing the state transition component
of 4.

Substack Index Selection Matrix Construction
The substack index selection matrix Wipgex €
RGsP)x(ns+HQI+25:p+P)  determines which substack
configurations become active after each operation. This
is crucial because different operations require different
substack index updates as described in Definition 3.10.

The matrix is structured as:

Wi Osp><|Q| Isp Osp><p
Windex = Wpush 0s;n><|Q| CE&) Osp><p
Whop  Ospx|q C(—p% Ospxp

Definition 3.16 (Circular Shift Matrix). For a given dimen-
sion n, the circular shift matrix CircShift(k) € R™*™ with
shift parameter % is defined as:

1 ifj=(G—k—1)modn+1

CircShift(k)); ; =
(Ci ift(k))i. {0 otherwise

where indices are 1-based. For k = 1, this shifts elements
one position forward (cyclically), and for £ = —1, it shifts
elements one position backward.

Definition 3.17 (Stack Shift Matrix). Let C{”) & Rs»* s
denote the block diagonal matrix:

C'P) — Diag(CircShift(k)s, . . ., CircShift(k),)
with p blocks of CircShift(k)s € R**%.

The operation-specific submatrices are defined as follows:

1. Identity Operations (1¥y): For stack i and substack
r, the entry at position (i — 1)s + r is:

1 if pattern k has op,; = id

(V[/l )(ifl)er'r,k: = {

0 otherwise
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2. Push Operations (W,): For stack ¢ and substack 7,
positioned at rows s - p + (i — 1)s + 7:

1 if pattern & has op; € push

|44 i—1)s+rk — .

(Wousn) 1)t {O otherwise

3. Pop Operations (W),,): For stack 7 and substack r,
positioned at rows 2s - p + (i — 1)s + r:

1 if pattern k has op, = pop

W i—1)s+r,k — 1
(Whop) (i—1)s+.k {0 otherwise

The bias vector b;,qex contains threshold values of —1 for all
operation selection neurons, ensuring proper activation only
when the corresponding operation is selected.

Stack Processing Matrix Construction The stack pro-
cessing component Wy, € R(05P)x (s +QI+25:p+p) jm-
plements the actual stack manipulations through six distinct
operational blocks. Rather than viewing this as separate
column matrices, it’s more meaningful to understand it as
six row blocks, each implementing a specific operational
pathway:

Whiock-1
Whlock-2
Whiock-3
Whiock-4
Whiock-5
Whiock-6

Wslack =

where each Wyjoei € R%P* (s +IQ1+2504P) handles a spe-
cific aspect of stack operations.

Each block decomposes as:

e (4) (@) ©) ]
WblOCk-l - [Wpallem—ops microstate-index stack-transform

Ospx @l

Block 1 - Identity Operations: Direct passthrough for
stacks with identity operations.

1 if pattern k has op, = id

(1) =
(Wpatlern—ops)(i—1)5+j’k - {O otherwise

(1) _
Wmicrostale—index - ISP
(1) 1

stack-transform — ~SP

Block 2 - Push-0 Operations: Applies push, by shifting to
next substack position.

1 if pattern k has op; = push,

(2) =
(Wpanern—ops)(i—l)s"'j’k - {O otherwise

(2) _ ()
Wmicrostate—index - Cfl

(2) _
Wslack—transform =0.25- ISP

Block 3 - Push-1 Operations: Applies push; by shifting to
next substack position.

(3) _J 1 if pattern k has op; = push,
(W paterncops ) (=155 = {O otherwise

(2) —_
Wmicrostate—index - C-'fl

(2) _
Wstack—transform =0.25- ISP

Block 4 - Pop Operations: Handles pop operations with
microstate index gating.

if pattern k has op, = pop

(4) !
(Wpattern—ops)(i—l)s"'j*k o {O otherwise

(2) _ @
Wmicrostate—index - C—l

(2) _
Wstack—transform =4- ISP

Block 5 - Push Passthrough: Ensures continuation of sub-
stacks during push operations.

1 if pattern & has op, = push

(5) =
(Wpanern—ops)(i—l)s"'j’k - {O otherwise

(2) _ (p)
Wmicrostate—index =-2- C+1

(2) _
Wslack—transform - ISP

Block 6 - Inactive Substack Passthrough: Maintains inac-
tive substacks not affected by operations.

(W(G) ) ) —1 if pattern k has op; = push
pattern-ops / (i —1)s+j,k — 0 otherwise
(2) _
Wmicrostate—index =-2- Ig;;))
w2 =1
stack-transform sp

Bias Configuration by Block:

1,
~1,,
1,
1y,
1y,
1y,

bstack =

-2
_r
5

4

The transformation produces the output vector with 10 dis-
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tinct components:

- equ -
1. Main state passthrough
(51, ... 2l (57)
2. Condltlonal substack mdex id
push(Sl) push(Sp)
3. Conditional substack index push
pop(Sl) CI)I()?)I))(SP)
4. Conditional substack index pop
v (), v (87)
x(5) . 5. C(indmonal stack 1d
pushO(S ) pushO(Sp)
6. Conditional stack push-0
ot (51): - Wyl (57)
7. Conditional stack push-1
Wih(Sh), . TGN (S7)
8. Conditional stack pop
\I/[()ass -push (Sl) \Ijgiss -push (Sp)
9. Passthrough substack active in push
l(Jis)s—active (Sl ) ’ \Il[()gss active (Sp)
L 10. Passthrough inactive substack
c RIQIH9sp

This architecture ensures that Layer 4 faithfully implements
the transition function 6 : @ x [s]? x (X U {@})P* —
Q X [s]? x {push, pushy, pop, id}?* of the p-stack machine,
where each component of the output vector corresponds to
a specific aspect of the machine’s next configuration.

3.3.6. LAYER 5: OUTPUT FORMATTING

The final layer reconstructs the machine’s state representa-
tion by selectively combining the operational components
computed in Layer 4, ensuring the output maintains the
same structure as the input for recursive application:

Lig) 01Q|x9s-p
~~ S——
State passthrough Zero padding
Wy =
023~p>< Q| Wielect
——
Zero padding Selective combination

e RRQI+2s-p)x(1Q[+9s-p)

bs = Ojq| 26 € RIFIT27

Selective Combination Matrix Construction The selec-
tion matrix Wepeee € R2$PX95°P implements a structured
combination of the nine operational pathways from Layer 4.

10

Rather than complex aggregation, this layer performs selec-
tive identity mappings across the operational components:

w. oot = V[/index»select
select —
Wslack—select

where:

1. Substack Index Selection (Wipdex-select € R$P*95P);
The first s - p rows combine the three index operation
types (identity, push, pop) from components 2-4 of
Layer 4’s output:

I/Vindex—select = [Is-p Is»p Is-p Os-pxﬁs-p]
This ensures that exactly one of the three index up-

date modes (identity, push shift, or pop shift) becomes
active based on the operation determined in Layer 4.

. Stack Content Selection (Wickselect € R5PX95°P):
The remaining s-p rows combine all six stack operation
types from components 5-10 of Layer 4’s output:

I..,]
This combines the identity operations, push-O op-
erations, push-1 operations, pop operations, push
passthrough, and inactive substack passthrough into
the final stack representation.

Witack-select = [Os~p><35~p Is-p

The zero bias vector ensures that the combination is purely
additive without threshold effects, allowing the CReLLU ac-
tivations from Layer 4 to determine which pathways con-
tribute to the final state.

After this transformation, the output vector x(®) has exactly
the same structure as the input vector x(1):

€
Lq/

Updated main state

€, RN
L17 7Lp

X(G) = c R‘QH‘QS‘p

—_————
Updated substack indices

enc(S™), ... enc(S"7P)

L Updated encoded stacks .

3.4. From CReLU to RNN

The last step is to transform our CReLU neural network into
a trainable RNN architecture for sequential data processing.
The core challenge lies in bridging the gap between contin-
uous neural network outputs and discrete stack operations
while maintaining computational tractability.

The overall architecture (Figure 2) operates on state vec-
tors where stack contents are first encoded according to
Definition 3.13, and the state are initialized with one-hot
encoding.
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<1> £<2>

o(Ws - z) + bs

) ——

D)

o(Ws - z) + bs

o(Ws - z) + bs

o(Wa-z) + b

o(Wi-z)+ b

)

P(enc(5%)[#<T>)

£<3>

o(Ws - z) +bs

o(Wa-z) + b

o(Wh-z)+ b

. .
.
A .
-~
.......... ’

e

Figure 2. RNN architecture implementing a p-stack machine with split factor s. The 5-layer CReLU network processes state vectors
&‘® through time steps t = 0,1,..., 7. The encoding function enc() converts stack contents to Cantor set representations, while G(-)
generates probability distributions P(enc(S*) |:%<T>) over possible stack symbols.

3.4.1. RNN ARCHITECTURE IMPLEMENTATION

As illustrated in Figure 2, the recurrent structure applies the
5-layer CReLU network NcgeLy at each time step ¢:

) = Negeru (1)

The state vector ("’ contains both the finite automaton state
and the encoded stack representations.

3.4.2. OUTPUT GENERATION

The final hidden state ("7 is mapped to probability distri-
butions over Cantor set elements through a learned function
G(-) : RlQI*2s2 5 AlCl where AI€! denotes the proba-
bility simplex over the Cantor set C.

Gaussian Embedding for Continuous-Discrete Mapping
Since continuous network outputs rarely coincide with dis-
crete Cantor elements, we employ a Gaussian embedding
scheme for differentiable mapping. Stack values are ex-
tracted from the final state:

~(T)

A% = [z 71
stacks — |Q|+sp+17- "

S'p
Dgf2s.p] € R

For each substack value v;, probabilities over Cantor ele-
ments ¢; € C are computed using:

¢i.j(v;) = exp <(vi2020j)2>

P(enc(S?) = ¢;|2T)) = ‘?‘cp(ﬁ < i (v;)

et €xp(f - i 1 (v5))

where 0 = 0Opqe/2° scales with bit depth b, and 3 con-
trols the distribution sharpness. Hyperparameter selection
strategies are detailed in Appendix A.

As illustrated in Figure 3, this embedding scheme maps
continuous input values to distributed activations across
multiple Gaussian functions centered at Cantor set elements.
The approach ensures: (1) smooth, differentiable gradients
for training, and (2) non-zero probability coverage across
the encoding space. When an input value falls between
Cantor elements, the Gaussian functions create a natural
probability distribution that peaks at the nearest neighbors.

Proposition 3.18 (Exponential to Linear Scaling via Stack
Splitting). Without stack splitting, predicting probabilities
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T 0.000
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T 0.81

1 0.938
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Figure 3. Gaussian embedding for continuous-to-discrete mapping.
Cantor set elements serve as Gaussian centers. Input value z = 0.3
(dashed line) generates distributed activations across multiple
Gaussians, with softmax normalization producing the final proba-
bility distribution.

over all possible stack combinations requires:

|Output|org = O(p - 2%) 1)
Stack splitting reduces this to:
|Output|g = O(p - s - Qb/s) )

where b denotes the number of bits used to represent each
stack. Achieving linear scaling O(p - b) when s = O(b).

3.5. Training

We employ teacher forcing (Williams & Zipser, 1989) with
intermediate supervision during training, utilizing ground-
truth targets :%fa?get instead of network predictions for inter-
mediate computational steps. This approach stabilizes the
training process by decomposing sequential learning into
independent feedforward mappings at each time step while
preserving the underlying sequential dependencies inherent
to the stack machine dynamics.

Proposition 3.19 (Teacher Forcing vs. Autoregressive Loss
Difference). When using the true target state ;i;fj}ge, instead

of the predicted state :%;,fzd,

and approximating the CReLU
network as a linear transformation NCRgLU(£<t>) ~ Wi,
the gradient scaling factor between teacher forcing and
autoregressive training differs by:

a£<t>

teacher autoregressive

00 00

This transformation effectively mitigates the risk of van-
ishing and exploding gradients that typically plague long-
sequence training.

8£<t>

x (WT)tfl

12

This formulation transforms sequential RNN training into
a collection of supervised feedforward problems, learning
independent mappings ") — #{*1) for each time step.
While this approach sacrifices some sequential consistency
during the training phase, it significantly improves conver-
gence stability and enables efficient parallel computation
across temporal dimensions.

Loss Function We minimize the cross-entropy loss to
reduce prediction error across all substacks and time steps:
sp |C|

T
L=- Z Zzyt,i,j log P(enc(S%) = ¢;]#*))

t=1 i=1 j=1

where y.;; € {0,1} represents the one-hot encoded
ground-truth target for substack 7 at time step ¢, and c; € C
denotes the j-th element in the Cantor set encoding.

Weight Initialization Strategy

 Bias Initialization: Set bias to zero to prevent sys-
tematic boundary violations that could destabilize the
Cantor set encoding. Non-zero biases can shift outputs
outside the valid [0, 1] interval, violating the fractal
structure’s geometric constraints.

* Weight Initialization: Employ He initialization (He
et al., 2015) to maintain proper variance scaling for
ReLU-based activations. The w ~ N(0,+/2/n;y,)
scaling prevents vanishing/exploding gradients and en-
sures the network can learn precise stack operation.

Scheduler We implement a warmup-exponential learning
rate scheduler with the Adam optimizer, consisting of two
phases:

« Warmup Phase: Linear increase from 1 x 107 to
0.01 over 40 training steps.

* Exponential Decay Phase: Exponential decay over
500 cooldown steps to 5 x 1075,

Regularization We apply L; regularization to encourage
sparsity in the learned representations:

4
Liar = L+AY (Wil + [1bs]l1)
=0
where A\ = 0.005 is the regularization strength, W; denotes
the weight matrix of the i-th layer, and b; denotes the corre-
sponding bias vector.

Computational Setup Training is performed on 4
NVIDIA TITAN X (Pascal) GPUs using TensorFlow’s mir-
rored distributed strategy. With 32K training samples and
batch size 256, each epoch requires approximately 10 min-
utes of computation time.
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4. Results

We evaluate our approach on a comprehensive dataset of 13
p-stack automata implementing fundamental arithmetic and
bitwise logical operations. The evaluation suite includes:

¢ Arithmetic Operations: Addition (add), subtraction
(subtract), multiplication (multiply), modulo arithmetic
(modulo), negation (neg)

» Bitwise Logical Operations: AND (bitwise_and),
OR (bitwise_or), NAND (bitwise_nand), XOR (bit-
wise_xor)

 Bit Shift Operations: Left shift (Ishift), right shift
(rshift)

¢ Stack Operations: Stack copying (copy), constant
loading (const)

Figure 4 illustrates the structural complexity distribution
of our evaluation suite, characterized by state-transition
relationships.

()]
(=}
1

i
o
1

B_SUB|

B_MUL|

B_ADD|
B_NAN|
[B_XOR/B_AND/B_OR|

LS/RS
U_NEG

Number of Transitions
N w
o o
1 1

(CONS]

10 -

MOVE|

1
4 6 8
Number of States

Figure 4. Distribution of state-transition complexity across the 13
synthesized p-stack automata. Each point represents a unique
(states, transitions) configuration, with overlapping instruction
types indicated using forward slash notation. The clustering pattern
demonstrates structural similarity within instruction categories
while maintaining diversity across the evaluation suite.

4.1. Experimental Setup

All experiments employ p-stack machines with split factor
s = 6 and bitstring length b = 12. Training consists of
32,000 samples distributed across 240 optimization steps
using L1 regularization with A = 0.005. Each configura-
tion is evaluated across all 13 automata to ensure statistical
significance. Hyperparameters are optimized via Bayesian
optimization over 256 independent runs.

13

To investigate the conditions necessary for learning ex-
act theoretical weights, we examine three initialization
paradigms: (1) Random initialization using He initial-
ization as detailed in Section 3.5, (2) Hybrid initializa-
tion where all layers receive perfect weights except layer
£, which uses He initialization (Aut.+He), and (3) Noisy
perfect initialization where all layers are initialized with
theoretical optima corrupted by Gaussian noise with stan-
dard deviation oppjse.

4.2. Weight Initialization Impact

Table 1 reveals substantial performance variations across
initialization strategies, highlighting the critical role of prox-
imity to theoretical optimal weights.

Table 1. Validation accuracy across initialization strategies. Re-
sults represent mean + standard deviation over 13 p-stack au-
tomata. Parameter ¢ indicates the randomly initialized layer in
hybrid approaches.

| INIT METHOD £ owoise | ACC (%)
Al | HE | 71.749.0
B1 AUT + HE 1 90.0£3.0
B2 2 88.1+5.4
B3 3 88.2+4.9
B4 4 93.7£1.6
BS5 5 92.5£1.8
C1 Noisy 0.1 90.5+3.3
C2 0.2 78.7+10.8
C3 0.5 50.7£8.7
Cc4 1.0 46.5+9.4

Pure He initialization (A1) fails to converge to perfect
weights, achieving only 71.7% accuracy despite extensive
training. The hybrid approach (B1-B5) improves perfor-
mance to 88-94% by initializing most layers with perfect
weights, but still becomes trapped in local minima after 100
steps. The choice of randomly initialized layer has minimal
impact on performance.

Noisy perfect initialization (C1-C4) demonstrates clear
degradation with increasing noise: small perturbations
(Tnoise = 0.1) maintain 90.5% accuracy, while larger noise
severely degrades performance. Importantly, noisy runs
did not fully converge within 240 steps, suggesting longer
training might improve results.

Rather than extending training duration, we analyze the loss
landscape around the theoretical optimum to understand the
geometric constraints preventing optimization success.

4.3. Loss Landscape Characterization

To investigate the initialization sensitivity observed in Ta-
ble 1, we conduct a systematic analysis of the loss landscape
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structure. Figure 5 presents a radial perturbation analy-
sis around the theoretical optimum, evaluating loss values
across 64 random noise vectors with varying magnitudes.

2 4 == Mean (optimal-centered)
o)

14 @ Half-height width: 0.067

-0.2 0.0 0.2 0.4 0.6

Perturbation magnitude y

-0.6 —0.4

Figure 5. Loss landscape structure around theoretical optimal
weights. The plot shows mean loss and standard deviation against
perturbation magnitude ~, revealing characteristic V-shaped be-
havior. Orange markers indicate half-height width measurements,
quantifying the sharpness of the optimum. Results averaged over
64 random perturbation directions demonstrate the narrow basin
of attraction surrounding perfect weights.

The analysis reveals a characteristic V-shaped loss profile
with steep gradients in the immediate vicinity of optimal
weights. As perturbation magnitude increases, gradients
diminish rapidly, creating a narrow basin of attraction. This
geometry explains why optimization from distant initial-
izations fails, the diminishing gradient signal provides in-
sufficient direction toward the global minimum, leading to
entrapment in local minima.

When we examine the 2D plane spanned by the initialized
weights, optimal weights, and trained weights with He ini-
tialization, Figure 6 reveals that the model converges to
a nearby local minimum rather than the global optimum.
Notably, the gradient slope toward the perfect weights is
relatively shallow at initialization, creating a challenging
optimization landscape. This behavior is consistent across
different random seeds, where models consistently settle
into local minima instead of reaching the theoretical opti-
mum, explaining the accuracy gaps observed in Table 1,
Row Al.

We analyzed the convergence properties of models initial-
ized with 64 different random seeds, where weights were
initialized with Gaussian noise (o = 0.4) and trained until
accuracy convergence. To assess whether trained models
reached local minima, we applied first- and second-order op-
timality conditions: (1) || VL(6*)|| = 0 and (2) H(6*) > 0.

Although all models achieve accuracy convergence, the
gradient norms range from 0.0 to 5.1 (mean: 2.5 £ 0.3),
significantly exceeding the first-order optimality threshold

14
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Figure 6. Loss landscape visualization in the 2D plane defined by
initial, perfect, and trained weight configurations. The filled con-
tour plot shows the loss topology with darker regions indicating
lower loss values. Key points are marked: initial weights (red
circle), perfect weights extracted from the target automaton (cyan
square), and final trained weights (yellow triangle). The contour
lines reveal the gradient structure, showing how the model gets
trapped in local minima despite the proximity to the global opti-
mum.

(IVL|| < 10~3). However, Hessian analysis shows exclu-
sively positive eigenvalues with ranges [513, 1026], indicat-
ing well-conditioned basins of attraction for local minima.

5. Conclusion

This work presents three key contributions: (1) a method
for parallelizing p-stack machines through substack decom-
position, (2) systematic translation of multistate p-stack
machines into gradient-optimizable RNNs, and (3) iden-
tification of fundamental barriers preventing RNNs from
learning exact mathematical operations with proposed solu-
tions.

Our parallelization framework enables concurrent execution
of stack-based computations, while our translation method-
ology provides a principled bridge between discrete compu-
tational models and continuous neural architectures. Most
significantly, we reveal that RNNs struggle with exact math-
ematical operations due to specific geometric and represen-
tational challenges in the loss landscape. Our optimization
and initialization strategies represent initial steps toward
addressing these limitations.

5.1. Future Work

Several directions warrant investigation: Solution Space
Characterization of optimal weight geometries could in-
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form efficient optimization strategies. Stack Encoding Op-
timization is needed as our current approach may lose in-
formation during deep operations—developing uniform rep-
resentational schemes across stack positions could improve
robustness. Automated Extraction for complex operations
like eigenvalue decomposition remains challenging; our
Python-to-p-stack translation shows promise but requires
optimization for parallelism and state minimality.

Optimization Enhancement represents a critical research
direction given our findings on local minima convergence.
The main focus should lie on developing new regularization
techniques, loss functions, initialization strategies, and opti-
mization algorithms specifically designed to overcome local
minima traps. Additionally, architectural improvements to
the neural network models could fundamentally alter the
loss landscape topology, potentially reducing the prevalence
of suboptimal local minima.

Advanced Training methods including curriculum learning
and controlled stochasticity in intermediate computations
could further improve convergence toward global optima.
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A. Hyperparameter Sensitivity Analysis

To evaluate the sensitivity of our RNN model described in Section 3.4, we conducted a systematic hyperparameter analysis
around a carefully chosen base configuration.

A.1. Experimental Setup

The base model configuration implements a p-stack machine with split factor s = 6, bitstring length b = 12, and modified
CReLU activation with saturation parameter ¥ = 0.9. Training utilizes He weight initialization with 10,000 samples over
100 training steps and L1 regularization strength A = 0.005. The Gaussian embedding uses a base standard deviation of
Obase — 1.0.

Table 2. Hyperparameter sensitivity analysis on model performance. Results show validation metrics (mean =+ standard deviation) averaged
across 3 random seeds on the add p-stack task. Unless otherwise specified, all hyperparameters match the base model configuration.
Metrics: ACC (accuracy), MSE (mean squared error of T scaled by 10™1), PPL (perplexity).

CONFIG | s b ¥ Opase  INIT METHOD  Nsawpres A ACC (%) | MSE (x10) PPL

BASE \ 6 12 0.9 1 HE 10K 0.005 59.88+1.56 \ 0.97+0.04 7143

Al 1 38.42+13.05 | 0.89+0.61 112+67
A2 2 55.08+4.59 1.37+£0.06  122+58
A3 4 60.42+2.24 1.124+0.04 79+9
A4 6 62.20+1.10 0.96+0.04 73+7

A5 8 65.38+1.85 0.9240.01 79+17
A6 12 70.90+0.82 0.79+0.04 73+5

Bl GAUSSIAN 42.01+0.27 1.4340.02 120+£3
B2 GLOROT 52.874+0.19 1.36+0.03 12246
B3 HE 61.37+0.74 0.97+0.04 72+4
B4 UNIFORM 43.21+4.88 2.004+0.33 274438
Cl 2 92.65+1.16 0.62+0.02 18+4
C2 4 87.27+3.71 0.68+0.06 265

C3 8 70.92+0.86 1.01£0.06 71+14
C4 12 61.53+0.72 0.96+0.04 75+13
C5 16 54.40+2.75 0.98+0.05 85413
C6 32 41.30+2.85 0.95+0.04 6642
D1 0.1 39.25+4.66 1.60+0.15 27+14
D2 0.5 54.77+3.32 1.23£0.04 5442
D3 1.0 61.31+£1.48 0.97+0.02 7445

D4 2.0 51.40+0.87 0.94+0.02 14+4
D5 5.0 46.5240.68 1.03£0.04 340

El 0.0 68.52+0.91 0.56+0.04 45+4
E2 1E-05 67.28+0.74 0.57£0.05 4849
E3 0.0001 68.18+1.09 0.58+0.04 43+1

E4 0.001 69.18+0.82 0.75+0.03 5249
E5 0.01 53.31+0.69 1.14£0.02 8945

E6 0.1 42.66+0.39 1.57+0.03 12446
F1 0.0 51.53+2.11 1.1940.05 123+£12
F2 0.2 52.86+1.76 1.15+0.07 115421
F3 0.4 53.96+0.66 1.03£0.05 94+15
F4 0.6 55.91+£2.18 1.02+0.05 84411
F5 0.8 59.83+1.38 0.97£0.02 79+8

F6 1.0 61.84+0.74 0.97+0.05 79+13

A.2. Split Factor Analysis (s)

The split factor parameter s determines how many parallel stacks are used in the p-stack architecture. Results in Table 2
rows A1-A6 demonstrate a clear performance improvement with increasing split factor values. The model achieves 38.4%
accuracy with s = 1 but reaches 70.9% accuracy with s = 12. This improvement is intuitive: larger split factors prevent the
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model from requiring excessively deep stacks, as deeper stacks store information in less significant precision bits that are
more susceptible to numerical degradation. The consistent reduction in both MSE and perplexity with increasing split factor
confirms this hypothesis.

A.3. Weight Initialization Method Analysis

The choice of weight initialization scheme significantly impacts model convergence and final performance. As shown
in Table 2 rows B1-B4, He/Kaiming initialization substantially outperforms other methods, achieving 61.4% accuracy
compared to 42.0% for Gaussian initialization, 52.9% for Glorot/Xavier, and only 43.2% for uniform initialization. The
superior performance of He initialization stems from its ability to initialize weights within a range that places initial
predictions inside the target distribution. Other initialization schemes may cause predictions to saturate at activation function
boundaries, where gradients become vanishingly small, particularly problematic when the saturation parameter ¢ is large.

A 4. Bitstring Length Analysis (b)

The bitstring length b controls the precision of information storage within each stack element. Results in Table 2 rows C1-C6
reveal an inverse relationship between bitstring length and model performance. Shorter bitstrings achieve superior results:
b = 2 yields 92.7% accuracy while b = 32 drops to 41.3% accuracy. This counterintuitive finding aligns with the split factor
analysis—shorter bitstrings reduce the risk of information loss in deeper stack positions. The dramatic improvement with
shorter bitstrings suggests that the model benefits more from multiple shallow, low-precision stacks than from fewer deep,
high-precision stacks.

A.5. Gaussian Embedding Standard Deviation Analysis (opase)

The base standard deviation oy, Of the Gaussian embedding provides direct control over model output uncertainty, as
measured by perplexity. Results in Table 2 rows D1-D5 show that opase = 1.0 achieves optimal accuracy (61.3%) while
maintaining reasonable perplexity (74). Smaller values (opase = 0.1) produce very low perplexity (27) but sacrifice accuracy
(39.3%), indicating overconfident predictions. Larger values (opye = 5.0) yield extremely low perplexity (3) but poor
accuracy (46.5%), suggesting the model becomes overly certain about incorrect predictions. The optimal value of 1.0
represents a balanced trade-off between prediction confidence and accuracy.

A.6. L1 Regularization Strength Analysis ()\)

L1 regularization strength controls model complexity and overfitting. The analysis in Table 2 rows E1-E6 reveals that minimal
regularization yields optimal performance. Without regularization (A = 0.0), the model achieves 68.5% accuracy, while very
light regularization (A = 107° to A = 10~2) maintains similar performance. However, stronger regularization significantly
degrades performance: A = 0.01 reduces accuracy to 53.3%, and A = 0.1 further drops it to 42.7%. The increasing MSE
and perplexity with stronger regularization indicate that the model benefits from retaining its full representational capacity
for this task.

A.7. Saturation Parameter Analysis (1)

The saturation parameter +J controls the interpolation between pure CReLU and sigmoid-like activation behaviors. Since the
standard CReLU activation has zero gradient outside the interval [0, 1], we employ a differentiable sigmoid-like variant that
maintains gradient flow throughout the entire domain:

CReLUy(z) = 9 - clip(x,0,1) + (1 — ) - o(4(z — 0.5)) 3)

where clip(z, 0, 1) = max(0, min(z, 1)) represents the standard CReLU activation, and o (-) denotes the standard sigmoid
function.

Figure 7 demonstrates how the saturation parameter ¥y modulates the activation function shape, transitioning from pure
sigmoid behavior (99 = 0) to pure CReLU behavior (9 = 1). Our experimental results in Table 2 (rows F1-F6) reveal a
clear performance trend: when using He initialization, higher values of ¥/ consistently improve model performance across
all metrics. Specifically, accuracy increases monotonically from 51.53% at ¥ = 0.0 to 61.84% at ¥} = 1.0, while MSE
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decreases and remains stable at higher saturation values.

This performance degradation at lower ¥ values can be attributed to the mismatch between the He initialization scheme and
the modified activation function. He initialization is specifically designed for ReLU-like activations, placing weights within
an optimal range for the sharp, piecewise-linear characteristics of CReLU. When 9 is reduced, the sigmoid component
smooths the activation function, disrupting this carefully calibrated weight distribution and leading to suboptimal gradient
flow during training. The results suggest that maintaining the sharp transition characteristics of CReLU (¥ > 0.8) is crucial
for optimal performance when using standard initialization methods.

19 | |==9=0.0 (Sigmoid)
== = 9=0.5(Mixed)
9=1.0 (CReLU)
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- ]
= 0.6
="
=
© 0.4+
0.2
0.0 ===
1 1 1 1 1

1 1 I
-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50
Input (x)

Figure 7. Effect of saturation parameter ¥ on activation function. The parameter interpolates between pure CReLU activation (¢ = 0) and
sigmoid-like behavior (¢ = 1).

A.8. State Complexity vs Performance Analysis

We evaluated the relationship between automaton complexity and performance across different p-stack machines. Results in
Table 3 show that complexity does not correlate directly with learning difficulty.

The most complex automaton (Binary Modulo: 11 states, 54 transitions) achieves high accuracy at 92.0%, while the simplest
(Move: 3 states, 6 transitions) reaches 90.6%. Operations with identical complexity show varying performance: binary
logical operations (AND, OR, XOR) with 5 states and 18 transitions range from 82.1% to 87.3% accuracy. The shift
operations achieve the highest performance (92.7% and 92.5%).

The Const operation shows the poorest results (62.3%) despite moderate complexity. Unlike other operations, Const

lacks computational logic and simply uses states as memory without exploiting any computational patterns, making it
fundamentally different from pattern-based operations.

These findings suggest that computational pattern matters more than structural complexity, and that moderate complexity
can provide beneficial representational capacity without hindering learnability.
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Table 3. Performance of different p-stack machines with state complexity

Pp-STACK MACHINE N_STATES N_TRANSITIONS \ ACC (%)
MOVE 3 6 90.6+1.2
BINARY AND 5 18 87.3£3.5
BINARY OR 5 18 82.1£1.8
BINARY XOR 5 18 86.7+£3.4
NEGATION 5 10 84.4+1.2
BINARY ADDITION 6 27 87.1+1.1
LEFT SHIFT 6 13 92.7+0.4
RIGHT SHIFT 6 13 92.5+0.4
BINARY MULTIPLICATION 7 36 87.0£1.9
BINARY NAND 7 24 93.1+1.2
CONST 9 12 62.31+4.1
BINARY SUBTRACTION 10 37 86.4+4.1
BINARY MODULO 11 54 92.04+0.9
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B. Example: CReLU Neural Network for Integer Addition

This section presents a concrete implementation of the theoretical construction described in Section 3.3 through a complete
CReLU neural network that performs integer addition. The network implements a 3-stack pushdown automaton with split
factor s = 4, resulting in 12 substacks total for binary arithmetic operations.

B.1. Problem Specification

The adder automaton processes two binary numbers through direct bitwise addition: (1) input digits onto stacks S* and
5?2 (LSB first), (2) bitwise addition with carry propagation using states sq (no carry) and s; (carry), and (3) output result
directly on stack S® without bit reversal. The automaton uses 3 control states {so, s1, sz} and 18 transition rules handling
all combinations of stack top symbols {0, 1,$, X} with carry state management.

B.2. Network Architecture

The resulting CReLU network has input/output dimension of 27 neurons (3 + 2 x 4 x 3), hidden layer dimensions of 51, 33,
48, 111 neurons respectively, totaling approximately 9,800 weights and 270 biases across 5 layers.

B.3. Weight and Bias Visualization
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Figure 8. Layer 1: Conditional Top and Empty Bit Extraction. The weight matrix W1 € R?*27 implements identity passthrough for the

upper block (3 states + 12 substack indices + 12 stack encodings) and conditional bit extraction with scaling factors 2 and 4 for the lower
blocks. The bias vector contains threshold values -4 and -2 for top bit and non-empty detection respectively.
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Figure 9. Layer 2: Substack Aggregation. The weight matrix Wa € R33*%! preserves state and stack information while aggregating
conditional extractions across the 4 substacks for each of the 3 logical stacks. The horizontal stripe pattern in the lower block implements
the substack-to-stack mapping with zero bias throughout.
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Figure 10. Layer 3: Pattern Matching. The weight matrix W3 € R*®¥*33 implements transition rule recognition for the 18 distinct
transition rules of the adder automaton. Each row in the upper block corresponds to a specific transition rule pattern matching current state
and stack top configurations. The bias vector contains carefully calibrated thresholds for AND logic implementation.
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Figure 11. Layer 4: Operation Selection and Execution. The weight matrix Wy € R''***® maps the 18 recognized patterns to concrete
state transitions and stack operations across 3 stacks with 4 substacks each. The block structure implements state transitions (top), substack
index updates (middle), and stack content modifications (bottom) with operation-specific scaling factors and biases.
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Figure 12. Layer 5: Output Formatting. The weight matrix W5 € R27*!! performs selective combination of operational pathways to
reconstruct the final machine state. The block structure separates state passthrough (top 3 neurons) from substack index and stack content
selection (remaining 24 neurons), with zero bias ensuring purely additive combination.
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C. Extracting p-Stack Machines from Python Functions

This section details our systematic approach for translating mathematical operations implemented as Python functions into
equivalent p-stack machines. The translation process operates through a multi-stage pipeline.

C.1. Translation Pipeline Architecture

Our extraction methodology follows a four-stage pipeline that. The process begins with Abstract Syntax Tree (AST) parsing
to generate an intermediate instruction sequence, proceeds through structural analysis to determine resource requirements
and control flow patterns, creates individual machines for each instruction, and concludes with machine composition that
preserves execution semantics.

Algorithm 1 Python Function to p-Stack Machine Translation

Input: Python function source code

Output: Equivalent p-stack machine P

tree < PARSEAST(source_code)

emitter <— INSTREMITTER()

emitter. VISIT(tree)

I < emitter. GET_-OPTIMIZED_CODE()

p < COMPUTEMAXSTACKS(])

P < EXTRACTPARAMETERSTACKS(])

J < ANALYZEJUMPSTRUCTURE([)

P < TRANSLATEFUNCTIONTOMACHINE(I, p, P, J) P

C.2. AST-Based Instruction Generation

The first stage employs a custom InstrEmitter visitor that traverses the Python AST and generates a linear sequence of
stack-based operations. This visitor maintains a comprehensive state tracking system that maps Python variables to numeric
stack indices, manages temporary stack allocation for intermediate computations, and performs basic type inference to
optimize subsequent processing stages.

The instruction generation process operates through recursive descent on the AST structure. When encountering binary
operations, the visitor first processes both operands to determine their stack locations, allocates a temporary stack for the
result, and emits the corresponding stack-based instruction. Similarly, variable references generate LOAD_VAR instructions
that specify the stack index containing the variable’s value, while function returns produce RETURN instructions indicating
the stack containing the result value.

Algorithm 2 Binary Operation Processing

Function: PROCESSBINARYOPERATION(node)
VISIT(node.left)

left_idx <— POP_STACK()

VISIT(node.right)

right_idx <— POP_STACK()

result_idx <~ ALLOCATE_TEMP_STACK()

opcode <~ MAP_OPERATOR_TO_INSTRUCTION (node.op)
EMIT_INSTRUCTION(opcode, left_idx, right_idx, result_idx)
RELEASE_STACKS(left_idx, right_idx)
PUSH_STACK(result_idx)

Control flow constructs receive specialized treatment during instruction generation. Conditional statements trigger the
creation of label-based jump instructions, where comparison operations generate boolean results that drive subsequent
conditional jumps to appropriate code sections. The visitor maintains a label generation system that ensures unique identifiers
for all jump targets while tracking which labels are actually referenced to enable dead code elimination.
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C.3. Structural Analysis and Resource Computation

Following instruction generation, the system performs comprehensive analysis of the instruction sequence to extract
structural information necessary for machine construction. The maximum stack requirement computation examines all
instruction arguments to identify the highest stack index used, ensuring the final machine allocates sufficient stack resources
for correct execution.

Parameter stack identification operates by scanning the instruction sequence for LOAD_VAR instructions, which indicate func-
tion parameters that must be loaded from specific stack locations. This analysis produces a set P = {i : (LOAD_VAR,7) € I}
representing all stack indices that contain input parameters, enabling proper machine initialization during execution.

Algorithm 3 Jump Structure Analysis

Input: Instruction sequence
Output: Jump analysis structure .J
J.labels_map <+ @, J.conditional jumps + ()
for each instruction i, € I do
if i;.opcode = LABEL then
J.labels_mapliy_ target] < k
else if 7;..opcode contains JUMP then
J.has_jumps < true
Classify and record jump instruction
end if
end for.J

Jump structure analysis identifies control flow patterns by performing a two-pass examination of the instruction sequence.
The first pass locates all label definitions and records their positions, while the second pass identifies jump instructions and
classifies them as either conditional or unconditional transfers. This analysis constructs a mapping between symbolic labels
and instruction indices, enabling subsequent control flow graph construction.

C.4. Individual Machine Creation

The third stage translates each instruction into a corresponding p-stack machine using specialized construction functions.
These maker functions implement the low-level automaton logic required for each operation type, generating state machines
that manipulate binary representations stored across the available stacks.

Arithmetic operations such as addition and multiplication require sophisticated state machines that implement bit-wise
computation with proper carry propagation. The BINARY_ADD instruction, for instance, generates a machine containing
states for each bit position during the addition process, with transitions encoding the complete addition truth table including
carry handling between adjacent bit positions.

Algorithm 4 Instruction Machine Creation

Function: CREATEINSTRUCTIONM ACHINE(instruction, p)
(opcode, args) < instruction
if opcode € ARITHMETIC_OPS then
CREATEARITHMETICMACHINE(opcode, args, p)
else if opcode € CONTROL_FLOW_OPS then
CREATEIDENTITYMACHINE(p) {Handled during merging}
else if opcode € DATA_MOVEMENT _OPS then
null {No machine required}
else
CREATEIDENTITYMACHINE(p) {Default fallback }
end if

Comparison operations generate machines that implement relational logic, producing boolean results stored in designated
stack locations. These machines examine binary representations of their operands and generate appropriate true or false
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values based on the comparison semantics. The resulting boolean values serve as inputs to subsequent conditional jump
instructions during control flow evaluation.

Special instruction types receive customized handling during machine creation. Instructions such as LOAD_VAR and
RETURN do not generate individual machines since they represent parameter initialization and result extraction respectively,
operations handled at the machine composition level rather than through discrete automaton states.

C.5. Machine Composition and Control Flow Integration

The final stage combines individual instruction machines while preserving the execution semantics specified by the original
Python function. For sequential execution without control flow, machines are composed through state connection where
the halting state of machine M; becomes the initial state of machine M, 1, creating a unified execution path through all
operations.

Functions containing conditional logic require sophisticated control flow handling that extends beyond simple sequential
composition. The system constructs a control flow graph representing all possible execution paths, including conditional
branches and loop structures. This graph drives the creation of specialized condition-checking states that evaluate boolean
values stored in stacks and direct execution to appropriate machine sections based on the evaluation results.

Algorithm 5 Control Flow Aware Machine Merging

Input: Machine sequence M, jump information .J, stack count p
Output: Unified machine P

G <+ BUILDCONTROLFLOWGRAPH(M, J)

@ <+ CREATESTATESPACE(M, J)

5«0

ADDSEQUENTIALTRANSITIONS(§, G, Q)
ADDCONDITIONALTRANSITIONS (4, G, J, Q)
ADDUNCONDITIONALJUMPS (4, G, J, Q)

(Q7p7 {07 1}, 57 qO)

Conditional jump handling requires the creation of specialized transition functions that examine stack contents and branch
accordingly. For boolean conditions, transitions are generated for each possible stack state, with the machine following
different execution paths based on whether the condition evaluates to true or false. The condition evaluation process consumes
the boolean value from the stack through pop operations, ensuring proper stack management throughout execution.

The composition process maintains exact computational equivalence between the original Python function and the resulting
p-stack machine through careful preservation of all execution paths and semantic relationships. Parameter stack information
is integrated into the final machine specification, enabling proper initialization with input values during subsequent neural
network compilation stages.

This systematic extraction methodology ensures that mathematical operations implemented in Python can be reliably
translated into equivalent p-stack machine representations suitable for neural network compilation while maintaining precise
computational semantics throughout the transformation process.
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